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Abstract
Quadratic gravity in two dimensions can be formulated as a Background Field (BF )
theory plus an interaction term which is polynomial in both, the gauge and Background
fields. This formulation is similar to the one given by Freidel and Starodubtsev to
obtain MacDowell-Mansouri gravity in four dimensions.
In this article we use the Dirac’s Hamiltonian formalism to analyze the constraint
structure of the two-dimensional Polynomial BF action. After we obtain the con-
straints of the theory, we proceed with the Batalin-Fradkin-Vilkovisky procedure to
obtain the transition amplitude. We also compare our results with the ones obtained
from generalized dilaton gravity.
Keywords: Constrained Systems, BF Theory, Quadratic Gravity.
1 Introduction
In their seminal work [1], MacDowell and Mansouri translate the Palatini action of General
Relativity into a Yang-Mills like gauge theory of gravity. In fact, the MacDowell-Mansouri
and Palatini actions are equivalent up to topological terms. These topological terms can
render finite Noether charges and recover a regularized action for AdS gravity [2]. Recently,
it has been shown [3, 4] that MacDowell-Mansouri gravity can be formulated as a Background
Field (BF ) theory plus a break invariance term. This formulation relates gravity with
topological field theories. Furthermore, BF models of gravity are good laboratories for the
study of spin foam quantization [5] and loop quantization [6].
Despite all efforts, there is still no satisfactory four-dimensional quantum theory gravity.
Then, we can find in the study of lower dimensional gravity [7] good models to understand
some quantum properties of the gravitational field. However, lower dimensional models have
some trivialities. For example, in two dimensions, the Einstein tensor is identically zero,
and leads to trivial equations of motion. One way to deal with this problem was proposed
by Jackiw and Teitelboim [8]. They proposed the introduction of a dilaton field, such that,
the equation of motion R = 2Λ, where R is the curvature scalar and Λ the cosmological
constant, holds. It is important to notice that Jackiw-Teitelboim gravity is also a class of a
more general family of two-dimensional dilaton theories [9]. In [10, 11], it was shown that
Jackiw-Teitelboim gravity can be written as a BF gauge theory under the group SO (2, 1).
Recently, in [12], a BF theory for two and three-dimensional gravity has been build
in analogy with the construction of MacDowell-Mansouri. The key ingredient is the intro-
duction of an interaction term, polynomial in both: the background and gauge field. For
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two-dimensional gravity, this interaction breaks the SO (3) invariance of the BF theory and,
as a consequence, a quadratic term in the curvature appears. Due to the presence of this
term, the Einstein tensor is no longer zero. Furthermore, it is also known f (R) models allow
the study of inflationary models, see for example [13].
In this work, our objective is to use the Dirac’s Hamiltonian formalism [14] to analyze
the constraint structure of the BF model equivalent to quadratic gravity. This analysis
allows us to obtain the symmetries of the model and is the first step to canonical and loop
quantization. Until now, we have no found a constraint analysis of the Polynomial BF
action. However, a canonical analysis for the BF action equivalent to Jackiw-Teitelboim
can be found in [15] using the Dirac’s formalism, and in [16] under the Hamilton-Jacobi
formalism [17].
In the next section, we will review the Polynomial BF action in two dimensions and show
its equivalence with quadratic gravity. In section 3, we will use the Dirac’s Hamiltonian
programme to obtain the first-class constraints that are generators of the symmetries of the
Polynomial BF action. In section 4, we will also use the Batalin-Fradkin-Vilkovisky [18]
formalism to obtain the path integral transition amplitude of the model. In section 5 we
will briefly resume a class of generalized dilaton theories which resemble quadratic gravity
and compare with the ones given by the Polynomial BF action. Finally, in section 6 we will
discuss our results.
2 Two-dimensional Polynomial BF Action
Let us review the equivalence between the two-dimensional Polynomial BF action and
quadratic gravity, as shown in [12]. The basic idea is to build a SO (3) invariant BF action
with an interaction term that will breaks this invariance. The Polynomial BF action is given
by
S =
∫
M
tr
[
−1
2
BF (A) + κ2 (PB) (PB) (QA) ∧A
]
, (1)
where κ is a constant, B is a 0−form B = 1
2
BIJMIJ , the 1−form gauge field is A =
1
2
AIJµ MIJdx
µ and F = dA + A ∧ A is its respective field strength. The generators of the
algebra SO (3) are MIJ = −MJI (with I = 0, 1, 2) and metric ηIJ = diag (+,+,+). P and
Q are projection operators defined by
P IJ,KL ≡ 1
2
ǫIJ2ǫKL2. (2)
QIJ,KL ≡ 1
2
ǫ MIJ ǫ
N
KL ǫMN2. (3)
where ǫIJK is the Levi-Civita symbol and, by convention we have ǫ012 = 1.
We can decompose the generators MIJ into the generators Mab (a = 0, 1) and the gener-
ators Pa ≡Ma2. It is easy to see that the operator (2) does not project any Ma2, while leave
invariant the generators Mab
(PM)ab = Mab, (PM)a2 = 0, (4)
and the operator (3) does not project any generatorMab and interchange the generators Ma2
(QM)a2 = ǫ
b
a Mb2 (QM)ab = 0. (5)
2
Explicitly, the two-dimensional Polynomial BF action reads
S =
∫
d2x εµν
[
1
4
BKLF
KL
µν +
κ2
2
(
BabBab
)
ǫmnA
m
µ A
n
ν
]
, (6)
where εµν is the Levi-Civita symbol in the curved space. Therefore, the interaction term in
(1) breaks the SO (3) invariance.
The gauge field can be expressed in terms of the spin connection ωabµ = ǫ
abωµ and the
zweibein eaµ as
Aµ =
1
2
ωµǫ
abMab +
1
l
eaPa, (7)
where l is a parameter. Having an explicit form for the gauge field, we can decompose the
components of the field strength
F a2µν =
1
l
T aµν , (8)
F abµν = R
ab
µν −
1
l2
(
eaµe
b
ν − eaνebµ
)
, (9)
where T aµν and R
ab
µν are the components of the Torsion T = de+ ω ∧ e and Curvature forms
R = dω + ω ∧ ω respectively. In two-dimensions we have
T aµν =
(
∂µe
a
ν + ωµǫ
a
be
b
ν
)− (∂νeaµ + ωνǫabebµ) , (10)
Rabµν = ǫ
ab (∂µων − ∂νωµ) . (11)
Replacing (7) and (8),(9) into the Polynomial BF action, we obtain
S =
∫
d2x
[
1
2
B
(
1
2
εµνǫabR
ab
µν −
2
l2
e
)
+
1
2l
εµνBaT
a
µν +
2κ2
l2
B2e
]
, (12)
where e = det
(
eaµ
)
is the determinant of the zweibein, and Ba ≡ Ba2, Bab = ǫabB. Note that
the variation of the fields Ba and Bab give the following equations
0 = εµνT aµν , (13)
0 =
1
4
εµνǫabR
ab
µν −
1
l2
e+
4κ2e
l2
B. (14)
Equation (13) is the torsion-free condition, since we are working in two dimensions, this
equation becomes
0 = ∂0e
a
1
− ∂1ea0 + ǫabω0eb1 − ǫabω1eb0. (15)
Note that, as long as the zweibein is invertible, it is possible to solve (15) for the connection
in terms of the tetrad. Therefore, the variables
(
eaµ, ωµ
)
are no longer independents. In fact,
now they relate the curvature Rabµν with the Riemann tensor R
αβ
µν = R
ab
µνe
α
ae
β
b . From now on,
we consider that the torsion-free condition is always satisfied.
Now, let us analyze equation (14). Notice that, if κ = 0, i.e., there is no interaction
term. The B field remains arbitrary. Furthermore, by choosing the cosmological constant
Λ = 1/l2, the action (12) becomes the Jackiw-Teitelboim action
S =
1
2
∫
d2x
√
gB (R− 2Λ) , (16)
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where R is the curvature scalar R = gµνRαµαν . The equation of motion (14) becomes R = 2Λ,
and we can identity B as a dilaton field. This procedure is similar to the one given by [11].
On the other hand, for κ different than zero, equation (14) relates the B field with the
curvature and the parameter l2 as
B = − l
2
8κ2
(
R− 2
l2
)
. (17)
Replacing this condition on the action and, for 2Λ = 1/l2, we obtain the following quadratic
gravity action
S =
1
8κ2
∫
d2x
√
g (R− 2Λ)− 1
64Λκ2
∫
d2x
√
gR2. (18)
Finally, we can choose κ2 = 2πG in order to have usual coefficient in front of the Einstein-
Hilbert action. Therefore, we can say that the two-dimensional Polynomial BF action (1)
is equivalent to quadratic gravity.
3 Hamiltonian Constraint Analysis
In order to proceed with the constraint analysis, it is necessary to introduce a foliation of in
space-time: M = R×M1. HereM1 represents a Cauchy space at constant time x0 = t = cte.
After eliminating some boundary terms, it is possible to write the action (12) as
S =
∫
d2x
[
B∂0ω +
1
l
Ba∂0e
a
1
+ ω0D1B +
1
l
ea
0
(
D1Ba +
2κ2
l
ǫabe
b
1
B2
)]
. (19)
Note that we had dropped the notation with the gauge field AI and we are using its com-
ponents
(
eaµ, ω
ab
µ
)
instead. Furthermore, we have written ω ≡ ω1. The covariant derivatives
are given by
D1Ba = ∂1Ba + ǫ
c
aBcω −
1
l
ǫace
c
1
B. (20)
D1B = ∂1B +
1
l
ǫabe
b
1
Ba. (21)
From (19) we have that B and Ba are proportional to the canonical momenta of ω and e
a
1
,
respectively. Therefore, we can write
{ea
1
(x) , Bb (y)} = lδab δ (x− y) , {ω (x) , B (y)} = δ (x− y) . (22)
On the other hand, the expressions for the canonical momenta of the variables (ea
0
, ω0)
represent primary constraints
φa ≡ π0a ≈ 0, φ ≡ Π0 ≈ 0, (23)
where ≈ means weak equality. Having all the expressions for the canonical momenta, we
build the canonical Hamiltonian
H0 = −
∫
dx
[
ω0D1B +
1
l
ea
0
(
D1Ba +
2κ2
l
ǫabe
b
1
B2
)]
. (24)
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The primary Hamiltonian is defined as HP ≡ H0 + µφ + µaφa, where µ, µa are Lagrange
multipliers. Now, the consistency condition states that the constraints (23) must be preserved
in time. This condition generates two secondary constraints:
φ˙ = {φ,HP} = 0 → G ≡ D1B ≈ 0, (25)
φ˙a = {φ,HP} = 0 → Ga ≡ D1Ba + 2κ
2
l
ǫabe
b
1
B2 ≈ 0. (26)
The canonical Hamiltonian (24) is now a linear combination of the secondary constraints
H0 = −ω0G − 1l ea0Ga. This is the case for generally covariant theories and enforce the fact
that the variables
(
ea
0
, ωab
0
)
act as Lagrange multipliers. The secondary constraints satisfy
the following algebra
{G (x) ,G (y)} = 0, (27)
{G (x) ,Ga (y)} = −ǫ ba Gb (x) δ (x− y) , (28)
{Ga (x) ,Gb (y)} = −ǫab
(
1− 4κ2B)G (x) δ (x− y) . (29)
Also notice the dependence on the Background field component B = B (x) in equation (29).
The consistency condition for the secondary constraints reads
G˙ = {G, HP} = {G, H0}+ µ{G, φ}+ µa{G, φa}, (30)
G˙a = {Ga, HP} = {Ga, H0}+ µ{Ga, φ}+ µb{Ga, φb}. (31)
Once that, the canonical Hamiltonian is a combination of the secondary constraints, the
consistency condition is satisfied, G˙ ≈ 0, G˙a ≈ 0, and no tertiary constraints are found.
Furthermore, the Lagrangian multipliers µ, µa remains undetermined.
As we mention in the previous section, if we set κ = 0 we are no longer in the case of
quadratic gravity. However, as κ→ 0, we approach to the SO (3) algebra (see equation (60)
in the Appendix). Furthermore, the sets (φ, φa) and (G,Ga) commute, since the first one
does not depend on the temporal components of the zweibein and the spin-connection. This
means that all primary and secondary constraints are first-class.
It is usual to work with “smeared out” constraints, which, in our case are
G (ζ) ≡
∫
dx ζ (x)G (x) , Ga (ζa) ≡
∫
dx ζa (x)Ga (x) , (32)
G˜ (λ) ≡
∫
dx λ (x)φ (x) , G˜a (λa) ≡
∫
dx λa (x)φa (x) . (33)
which depend on the parameters (η, λ, ηa, λa). Smeared constraints are used to avoid distri-
butions and are usually found in loop quantization language [21].
The smeared primary secondary constraints state that the variables (ea
0
, ω0) are arbitrary{
ea
0
, G˜b
(
λb
)}
= λa,
{
ω0, G˜ (λ)
}
= λ. (34)
On the other hand, the smeared secondary constraints acts as generators of gauge and
shift transformations for the dynamical fields. This can be checked by defining the sum
Gen (ζ, ζ
a) ≡ G (ζ) + Ga (ζa) , (35)
and see that for the (ea
1
, ω) we have
{ea
1
, Gen} = lD1ζa, (36)
{ω,Gen} = −D1ζ + 4κ
2
l
ǫbcζ
bec
1
B, (37)
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while for (Ba, B) we obtain
{Ba, Gen} = ǫ baBbζ − ǫabζbB + 2κ2ǫabζbB2, (38)
{B,Gen} = −ǫ cbBcζb. (39)
The phase-space of the two-dimensional Polynomial BF action has twelve dimensions, re-
lated to the variables
(
eaµ, ωµ
)
and their respective canonical momenta. We also have six
first-class constraints: (φ, φa,G,Ga) and no second-class constraints. Consequently, we have
zero degrees of freedom, in perfect agreement with the topological nature of the model.
4 Batalin-Fradkin-Vilkovisky Path Integral Formula-
tion
The presence of first-class constraints is related to gauge symmetries in the theory. One way
to remove the unobservable gauge freedom is to introduce accessible gauge fixing constraints.
Fixing the gauge freedom completely means that we introduce one gauge fixing constraint for
each first-class constraint such that the new complete set of constraints is second-class. After
isolate the true degrees of freedom, we can proceed with the canonical quantization. Another
approach was given by Batalin, Fradkin and Vilkovisky (BFV) [18], which incorporates the
notion of constraints in the Path Integral Quantization.
To begin with the BFV quantization, let us denote GA = (φ, φa,G,Ga) the collection of
all primary and secondary constraints. The sub-index A goes from 1 to 4. Having a system
full of first-class constraints, they satisfy {GA, GB} = U CAB GC and {H0, GA} = V BA GB. In
general, the structure coefficients U CAB and V
B
A are functions of the canonical variables. For
constant U CABl, as in Jackiw-Teitelboim gravity, the system close a Lie algebra.
From the previous section, we have
U 4
34
= −ǫ ba , U 344 = −ǫab
(
1− 4κ2B) . (40)
We notice that U 3
44
depends on the Background field component B, nonetheless, we still
have an involutive algebra. The non-zero V BA are
V 3
1
= −1, V 4
2
= −1
l
δba, V
4
3
= −1
l
ǫ ba e
a
0
, V 3
4
= −1
l
ǫabe
b
0
(
1− 4κ2B) , V 4
4
= ǫ baω0. (41)
The dependence of V BA with the canonical variables is also evident.
Now, let us introduce the vector of ghost ηA = (P, P a, c, ca) (with ghost number equal to
1), and its respective canonical momenta PA =
(
c, ca, P , P a
)
(with ghost number equal to
−1). All of these ghost satisfy the following graded brackets
{P, c} = −δ (x− y) , {P a, cb} = −δab δ (x− y) , (42){
c, P
}
= −δ (x− y) , {ca, P b} = −δab δ (x− y) . (43)
We can now introduce the BRST charge Ω, defined to be nilpotent Ω2 = 1
2
{Ω,Ω} = 0.
An extensive explanation on the construction of the BRST charge can be found [19]. In this
work we follow the notation of [20]. For involutive algebras, the BRST charge is given by
Ω = ηAGA +
1
2
PCU CAB ηAηB. In our case we have
Ω = Pφ+ P aφa + cG + caGa − 1
2
ǫab
(
1− 4κ2B)Pcacb + ǫabP accb. (44)
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We can build a BRST invariant Hamiltonian HB, which satisfy {HB,Ω} = 0. This
Hamiltonian is build with the ghost, their momenta and the structure coefficients V BA . It
has the form HB = H0 + ηAV BA PB. By replacing all the values from (41), we obtain
HB = −ω0G− 1
l
ea
0
Ga−PP − 1
l
P aP a− 1
l
ǫ ba e
a
0
cP b− 1
l
ǫabe
b
0
(
1− 4κ2B) caP + ǫ baω0caP b. (45)
There is, however, an indeterminacy in this construction, since we can add exact charges
to this Hamiltonian without modifying their BRST invariance. In order to get rid of this
indeterminacy, we define the unitarizing Hamiltonian
HU = HB + {Ψ,Ω} , (46)
where Ψ is called gauge-fixing fermion. The corresponding Lagrangian to (46), which also
consider the dynamic of the ghost fields, is given by LU = q˙ipi + η˙APA−HU . Explicitly, for
quadratic gravity we have
LU = e˙a0π0a + e˙a1Ba + ω˙0Π0 + ω˙B + P˙ c+ P˙ aca + c˙P + c˙aP a −HU , (47)
and the transition amplitude is given by
Z =
∫
DeaµDωµDπ
0
aDBaDΠ
0DBDηADPA × exp i
∫
dt LU , (48)
By construction, this amplitude must be independent of the choice of the gauge-fixing
fermion. Usually, the fermion is given by Ψ = PAχA, where χA are gauge-fixing functions.
Let us take χA = (χ, χa, 0, 0), from where we have: Ψ = cχ+ caχ
a.
In the temporal gauge, we choose ea
0
= δa
1
and ω0 = 0. This gauge was introduced in
the constraint analysis of two-dimensional R2 gravity with torsion [22], and in the context
of Generalized Dilaton theories in [23]. The gauge-fixing functions can be written as
χ =
1
γ
ω0, χ
a =
1
γ
(ea
0
− δa
1
) , (49)
where γ is an arbitrary parameter, which is introduced due to the not dependence on the
choice of gauge-fixing function in the transition amplitude. Therefore, in the temporal gauge
we have
{Ψ,Ω} = −1
γ
ω0Π
0 − 1
γ
(ea
0
− δa
1
) π0a −
1
γ
Pc− 1
γ
P aca. (50)
We can perform the displacement in the momenta Π0 → γΠ0, π0a → γπ0a, and for the
ghost fields c → γc, ca → γca. This transformation has jacobian equal to one and does not
change the measure of the integration. Notwithstanding, we can take the limit γ → 0, once
that the result must be independent of this choice.
After computing the integral in the non-dynamical fields: (ea
0
, ω0), and the fields
(
P, P , P a, P
a)
,
we obtain
Z =
∫
Dea
1
DωDBaDB exp i
∫
dt
[
e˙a
1
Ba + ω˙B +
1
l
G1
]
× Zgh, (51)
Zgh =
∫
DcDcDcaDca exp i
∫
dt
[
cc˙+ lcac˙
a +
1
l
ǫa1
(
1− 4κ2B) cca − ǫa
1
cac
]
. (52)
Notice that for the ghost sector, the is a coupling between the ghost the B component of
the Background field. This coupling is not present in the BF action for Jackiw-Teitelboim
gravity [11].
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5 Quadratic Gravity from Dilaton Theory
In the preceding sections, we studied two-dimensional quadratic gravity as a Polynomial
BF theory. Nonetheless, it can also be analyzed from the point of view of two-dimensional
dilaton theories. Let us begin considering the following dilaton action
S (g,X) =
∫
d2x
√
g
[
R
2
X − V (X)
]
, (53)
where R is the Ricci curvature scalar, X the dilaton field, and V = V (X) an arbitrary
function. The action above represents a subclass of more general dilaton theories [9] which
have no degrees of freedom. Notwithstanding, it also corresponds to several cases of interest,
for instance, if we set V (X) = ΛX , we obtain the Jackiw-Teitelboim action [8].
In general, from the action (53) we obtain the equation of motion for the dilaton field
R = 2
dV
dX
. (54)
This equation relates the dilaton field X with the scalar curvature R. Let us choose
V (X) = 2ΛX
(
1− 2κ2X) , (55)
where κ 6= 0 is a constant parameter. Then, on-shell we have that the dilaton field and the
potential are now given by
X =
1
4κ2
(
1− R
4Λ
)
, V (X) =
Λ
4κ2
(
1− R
2
16Λ2
)
. (56)
Replacing these relations in the action (53), we obtain the pure metric description of quadratic
gravity (17). Another quadratic potentials are also of great interest in dilaton theories: The
KV model [24] is used to study R2 gravity with torsion. The Almheiri-Polchinski model [25]
is also quadratic in the potential, however it has a different kinetic term. R2 gravity subject
to the constraint of constant curvature was studied in [26].
Instead of using the metric description, it is customary to work with a first-order action,
which is defined in terms of the zweibein ea, the spin-connection ωab, the dilaton X and an
auxiliary field Xa as
S =
∫
d2x
[
Xdω +Xa
(
dea + ωab ∧ eb
)− 1
2
ǫabe
a ∧ ebV (X)
]
. (57)
The variation along the auxiliary field Xa gives as equation of motion the torsion-free
condition. Therefore, whenever this condition is satisfied, we have eR = 2εµν∂µων , and the
first-order action (57) becomes equivalent to (53). In the specific case of quadratic gravity,
we obtain
S =
∫
d2x
[
X (εµν∂µων − 2eΛ) +Xaεµν
(
∂µe
a
ν + ǫ
a
bωµe
b
ν
)
+ 4eΛκ2X2
]
. (58)
This action is analog the one in (12) if we identify the components of the Background
field B and Ba as the dilaton X =
1
2
ǫabBab and auxiliary field Xa = Ba2. The constraint
analysis of the generalized dilaton action [23] shown that it has zero degrees of freedom, the
same result obtained from the Polynomial BF action. However, notice that, in the dilaton
framework, quadratic gravity is obtained by choosing a given potential. In the BF scheme,
the Einstein-Hilbert and quadratic terms appears from an interaction term. Furthermore,
while in Generalized dilaton theories, X and Xa are completely independent fields, in the
Polynomial BF action, they are independent components of the Background field BIJ , which
is initially SO (3) invariant.
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6 Final Remarks
In this work, we have dealt with the constraint analysis of the two-dimensional quadratic
gravity. This theory is described by the Polynomial BF action, which consists in a SO (3)
invariant BF action plus a break invariance term. The parameter of this interaction is κ2
and can be fixed by choosing the correct constant in front of the Einstein-Hilbert term. In
case κ2 = 0, we obtain the Jackiw-Teitelboim Gravity.
In contrast with the metric description of quadratic gravity, the Polynomial BF action
is of first-order in its derivatives. This fact lead us to a simply description of its constraint
structure. The Dirac’s programme closes at the second stage, i.e., after we found secondary
constraints. These constraints are important once that they are the ones responsible for
the gauge transformations of the dynamical variables. Furthermore, the algebra between
the secondary constraints depends on the interaction factor κ2 and the Background field
component B.
Once that all constraints close an involutive algebra, we use the BFV path integral for-
mulation. We introduced ghosts field (P, P a, c, ca) and their respective canonical conjugates
for each constraint (φ, φa,G,Ga). With these quantities we build of the BRST charge Ω
and choose an appropriate gauge-fixing fermion. We computed the unitarized Hamiltonian
and Lagrangian densities, which are necessary to build the transition amplitude in the Path
Integral formalism.
We also briefly review the Generalized Dilaton theories. These theories are, undoubtedly,
a powerful tool to study two-dimensional gravity, once that, given an appropriated potential
for the dilaton field, we can obtain different gravity models, such as, Jackiw-Teitelboim or
quadratic gravity. On the other hand, the Polynomial BF action is build as a gauge theory
with interaction, making this construction not only valid in two-dimensions but in higher
dimensions as well. In addition, since the Polynomial BF action is an extension of Jackiw-
Teitelboim Gravity, there exists the possibility for a supersymmetric generalization, as shown
in [11], a non-commutative version, as in [27], or centrally extensions [28], for instance.
As we mentioned, the two-dimensional Polynomial BF action is closely related to the
four-dimensional MacDowell-Mansouri Gravity, and our canonical analysis needs no gauge
fixing condition at the classical level, in contrast with the analysis of the MacDowell-Mansouri
BF theory shown in [29]. Therefore, our analysis can shed some light in the canonical analysis
of the four dimensional BF theory using the Hamilton-Jacobi formalism [17], for example.
Furthermore, the relation between Polynomial BF and dilaton theory can provide insight
in the construction of new interaction term, allowing the introduction of dynamical torsion,
which can also be generalized in four dimensions.
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8 Appendix: Conventions and Notation
During the article we follow the notation of the textbook [30]. The SO (n) is the group of
matrices with determinant 1 and preserve the metric ηIJ = diag (+,+, ...,+). The generators
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MIJ = −MJI of its correspondent algebra satisfy the following relation
[MIJ ,MKL] = ηILMJK − ηIKMJL + ηJKMIL − ηJLMIK . (59)
For the group SO (3) we consider the metric ηIJ = diag (+,+,+), where I = 1, 2, 3. We
can decompose the generators MIJ into the generators Mab (a = 0, 1) and the generators
Ma2:
[Mab,Mcd] = ηadMbc − ηacMbd + ηbcMad − ηbdMac,
[Mab,Mc2] = −ηacMb2 + ηbcMa2,
[Ma2,Mb2] = −Mab.
Since we are working in two dimensions, we can writeMab = ǫabM and, if we define Pa ≡Ma2,
it is possible to rewrite the algebra as:
[M,M ] = 0, [M,Pa] = −ǫ ba Pb, [Pa, Pb] = −ǫabM. (60)
Note that, for SO (3), we can redefine the generators as: JI ≡ 12ǫ JKI MJK . However, the
notation with generators MIJ can be used in the three-dimensional BF Polynomial action
as well. Furthermore, by using a Minkowski metric ηIJ , we can generalize the formalism to
the group SO (2, 1) an explore the De Sitter or Anti-De Sitter spaces.
The pure BF model under the group SO (3) is given by
S2D = −1
2
∫
tr (B ∧ F ) = 1
4
∫
d2x εµνBIJF
IJ
µν , (61)
where the components of the field strength are
F IJµν = ∂µA
IJ
ν − ∂νAIJµ + AIµKAKJν −AJνKAKIµ . (62)
Here we have computed the trace of (61) in the adjoint representation: tr [MIJMKL] =
−2 (ηIKηJL − ηILηJK). The equations of motion are given by F = 0 and DB = 0, where the
explicit form of this covariant derivative is
DµXIJ ≡ ∂µXIJ + A KIµ XKJ −A KJµXKI . (63)
By decomposing the gauge and background fields in the Lorentz and translation components,
this covariant derivative becomes
DµXa = ∂µXa + ǫ
c
a Xcωµ −
1
l
ǫace
c
µX. (64)
DµX = ∂µX +
1
l
ǫabe
b
µXa. (65)
The pure BF model (61) is invariant under the gauge transformation
δAIµ = DµξIJ , δBIJ = −ξ KI BKJ + ξ KJ BKI . (66)
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